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Abstract
It is proved that if M is a uniform module such that M(ℵ1) is CS, then its endomorphism ring is
local. As a consequence, it is shown that every ℵ1-Σ-CS module is Σ-CS. This solves open questions
asked in [Contemp. Math. 259 (2000) 467, J. Algebra 262 (2003) 194]. On the way to these results,
it is also shown that the endomorphism ring of a uniform module M is local provided that every local
summand of M(ℵ0) is a direct summand.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
Let R be an associative ring with identity. A right R-module M is called CS when
every submodule is essential in a direct summand of M . In general, M is said to be
(ℵ)-Σ-CS, where ℵ is an infinite cardinal number, if every direct sum of (ℵ) copies of
M is CS. (Σ-)CS modules were introduced as a generalization of (Σ-)injective modules
(see, e.g., [3,7]) so that one could expect a similar decomposition theory. Following this
approach, it was asked in [7, Remarks, p. 104] whether every Σ-CS module is a direct sum
of uniform modules. This question had a particular interest, because it is known by results
in [1,5] that in this case the obtained decomposition of the module M would complement
direct summands, in the sense of [2, Section 12]. In particular, it would be unique up to
isomorphisms and the module M would satisfy the exchange property (see, e.g., [15]).
The answer to this question has been given in [10,11], where it is proved that every Σ-CS
module is a direct sum of indecomposable Σ-quasi-injective modules.
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also [4, Section 9]). Assume that we fix an infinite cardinal number ℵ and we know that
M(ℵ) is CS. Must the module M be Σ-CS? Or at least is it a direct sum of uniform
modules? Let us note that the corresponding question for (quasi-)injective modules has
a well-known positive answer.
The first partial answer to this last question had been previously given in [6], where it
had been shown that if R is a right self-injective (von Neumann) regular ring that is not
semisimple, then R(ℵ0)R is a CS module, but RR is not Σ-CS nor is it a direct sum of uniform
right ideals. This means that, if such an ℵ does exist, it must be at least ℵ1, in contrast to
the injective case. The other partial answer to this question has been recently given in
[11, Theorem 2.6, Corollary 2.7], where it is proved that if M is an ℵ1-Σ-CS module, then
it is a direct sum of uniform modules and the quasi-injective hull of M is Σ-quasi-injective.
In this last paper it is left as an open question whether in this case the module M must be,
in fact, Σ-CS.
The main purpose of this note is to give a positive answer to this question, thus closing
the general problem of characterizing Σ-CS modules. But let us point out that, on the way
to this result, we also show that if M is a uniform module such that every local summand
of M(ℵ0) is a direct summand, then the endomorphism ring of M is local (Theorem 3).
This theorem has its own interest and complements results in [8].
We refer to [2,7,14] for any undefined notion used in the text.
2. Results
We begin by proving a pair of technical lemmas. Recall that a direct sum
⊕
I Mi of
direct summands of a module M is called a local summand of M if
⊕
F Mi is a direct
summand of M for every finite subset F ⊆ I (see, e.g., [13, Definition 2.15]).
Lemma 1. Let M be a right R-module and suppose that M(ℵ1) is CS. Then every local
summand of M(ℵ1) is a direct summand.
Proof. We are going to adapt the arguments given in [11, Lemma 2.2]. Let N = M(ℵ1)
and let
⊕
I Li be a local summand of N . Let us choose an essential closure N of
⊕
I Li
in N . As N is CS, N is a direct summand of N . Thus, replacing N by N if necessary,
we can assume that
⊕
I Li is an essential submodule of N . Suppose that N =
⊕
I Li . By
[9, Lemma 2.2], there exists an x ∈ N such that for every finite subset F ⊆ I , we have that
xR ∩
(⊕
I
Li
)

⊕
F
Li .
On the other hand, the quasi-injective hull Q of N is Σ-quasi-injective by [11,
Corollary 2.7]. In particular, Q =⊕I Qi , where each Qi is the N -injective hull of Li .
And, as x ∈ Q, we deduce that there exists a finite subset F ⊆ I such that
xR = xR ∩
(⊕
Qi
)
⊆
⊕
Qi.I F
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xR ∩
(⊕
I
Li
)
= xR ∩
(⊕
I
Li
)
∩
(⊕
I
Qi
)
⊆
⊕
F
Qi ∩
(⊕
I
Li
)
=
⊕
F
Li
and we get a contradiction. 
Lemma 2. Let M be a right R-module and let f :M → M be an endomorphism
with essential kernel. If every local summand of M(ℵ0) is a direct summand, then⋃∞
n=1 Ker(f n) = M .
Proof. Let K =⋃∞n=1 Ker(f n) and let us consider the direct system of homomorphisms
M1
f−→ M2 f−→ · · · f−→ Mn f−→ · · ·
with Mn = M for every n  1. Call L = lim−→f n and let δn :Mn → L be the canonical
homomorphisms. We need to show that δ1 = 0, because Ker(δ1) =⋃∞n=1 Ker(f n).
Let us choose an x ∈ M1. The kernel of the canonical epimorphism
π :
∞⊕
n=1
Mn → L = lim−→ f n
is a local summand of
⊕∞
n=1 Mn by [8, Lemma 2.1]. Thus, π is splitting by hypothesis.
Let w :L → ⊕∞n=1 Mn be a homomorphism such that π ◦ w = 1L. We claim
that
⊕∞
n=1 K ⊆ Ker(π). Let εi :Mi →
⊕∞
n=1 Mn be the canonical injection of Mi in⊕∞
n=1 Mn. It is well known that δi = π ◦ εi (see, e.g., [14, Chapter 5, 24.2]). Let us take
y ∈ K . Then there exists an m ∈ N such that f m(y) = 0. Thus, δi(y) = δi+m ◦ fm(y) = 0
and we deduce that εi(y) ∈ Ker(π).
We have shown that
⊕∞
n=1 K ⊆ Ker(π). This means that Ker(π) is essential in⊕∞
n=1 Mn, since we are assuming that K is essential in M . Therefore, L ∼= Im(w) = 0
because Im(w) ∩ Ker(π) = 0. In particular, Im(δ1) ⊆ L = 0 and we are done. 
We can now state our main result.
Theorem 3. Let M be a uniform right R-module. If every local summand of M(ℵ0) is a
direct summand, then EndR(M) is local.
Proof. Let f ∈ EndR(M). We must show that either f or 1 − f is an isomorphism. As
Ker(f ) ∩ Ker(1 − f ) = 0, and M is uniform, we can assume that Ker(f ) = 0. Otherwise,
we could change f by 1 − f . Consider the infinite sequence of homomorphisms
M1
f1−→ M2 f2−→ · · · fn−1−→ Mn fn−→ · · ·
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inclusions. Define the homomorphisms gn = εn − εn+1 ◦ fn for every n  1 and let
g :
⊕
n∈NMn →
⊕
n∈NMn be the endomorphism satisfying that g ◦ εi = εi − εi+1 ◦ fi for
every i  1. By [14, 43.3(1)],⊕n∈N Im(εn − εn+1 ◦ fn) is a local summand of⊕n∈NMn.
Therefore, it is a direct summand of
⊕
n∈NMn by hypothesis. Applying now [14, 43.3(3)],
we deduce that for every x ∈ M1, there exists an rx ∈ N and an hx ∈ EndR(M) such that
frx ◦ · · · ◦ f1(x) = hx ◦ frx+1 ◦ · · · ◦ f1(x). Let us fix a non-zero element m ∈ M . Then
frm ◦ · · · ◦ f1(m) = 0, because each fn = f is injective. We claim that hm ◦ f is a splitting
epimorphism. Note that if we prove our claim, we are done, because in this case both
hm ◦ f and f must be isomorphisms (since M is uniform).
Call y = frm ◦ · · · ◦ f1(m). As y = hm ◦ f (y), we deduce that y ∈ Ker(1M − hm ◦ f ).
In particular, Ker(1 − hm ◦ f ) is essential in M , because M is uniform. Therefore,⋃
n∈NKer(1 − hm ◦ f )n = M by Lemma 2 and it makes sense to define an endomorphism
φ :M → M by φ(x) =∑∞n=0(1 − hm ◦ f )n(x).
Let us choose any x ∈ M . We know that there exists an n ∈ N such that
(1 − hm ◦ f )n+1(x) = 0.
Thus
x = x − (1 − hm ◦ f )n+1(x) = (hm ◦ f ) ◦
n∑
i=0
(1 − hm ◦ f )i(x) = (hm ◦ f ) ◦ φ(x).
Therefore, (hm ◦ f ) ◦ φ(x) = x for every x ∈ M and we have proven our claim. 
Corollary 4. Let M be a uniform right R-module. The following conditions are equivalent:
(1) M is Σ-quasi-injective;
(2) M is Σ-CS;
(3) M is ℵ1-Σ-CS;
(4) M is ℵ0-Σ-CS and every local direct summand of M(ℵ0) is a direct summand.
Proof. (1) ⇒ (2) ⇒ (3). This is clear.
(3) ⇒ (4). Apply Lemma 1.
(4) ⇒ (1). By Theorem 3, the endomorphism ring of M is local. Now the result follows
from [1, Proposition 2.9]. 
Remark 5. In view of Theorem 3, Corollary 4, and [8, Theorem 2.2], the following open
question naturally arises. Let M be an indecomposable right R-module and assume that
every local summand of M(ℵ0) is a direct summand. Is EndR(M) local?
We do not know the answer to this question. But let us note that it is possible to adapt
the arguments given in [8, Proof of Theorem 2.2] in order to show that the answer is yes if
we replace ℵ0 by an infinite cardinal number ℵ strictly greater than the cardinality of M .
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(see also [7, Chapter 4] and [4, Paragraph 9]).
Corollary 6. Let M be a right R-module. The following conditions are equivalent:
(1) M is Σ-CS;
(2) M(ℵ1) is CS;
(3) M(ℵ0) is CS and every local summand of M(ℵ0) is a direct summand.
Proof. (1) ⇒ (2). This is clear.
(2) ⇒ (3). Use Lemma 1.
(3) ⇒ (1). In this case, M is a direct sum of indecomposable modules by [13, The-
orem 2.17]. Say M =⊕i∈I Mi . Moreover, each Mi has local endomorphism ring by
Corollary 4. Now the result follows from [1, Proposition 3.5]. 
Let us remark that the above result is the best possible, because there exist examples
of modules M such that M(ℵ0) is CS, but M is neither Σ-CS nor it is a direct sum of
indecomposable modules [6].
We close this note by proving the following corollary that strengthens the main result
of [12].
Corollary 7. Let R be a ring such that every CS right R-module is ℵ1-Σ-CS. Then R is
right artinian.
Proof. By Corollary 6, every ℵ1-Σ-CS right R-module is Σ-CS. The result now follows
from [12, Theorem 2]. 
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